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Abstract 

We address the analysis of the fohowing problem: given a real 
Holder potential / defined on the Bernoulli space and fif its equi- 
librium state, it is known that this shift-invariant probability can be 
weakly approximated by probabilities in periodic orbits associated to 
certain zeta functions. 

Given a Holder function / > and a value s such that < s < 1, 
we can associate a shift-invariant probability Vs such that for each 
continuous function k we have 

V ^sf"(x)-nP(f) k"{x) 

/-^n=l /—jx£Fix„ n 



k dv^ 



/-^n=l /-JX&FiXn 



where P{f ) is the pressure of /, Fixn is the set of solutions of cj"(a;) = 
X, for any n € N, and /"(x) = f{x) + f{a{x)) + ... + /(fT"-i(x)). 

We call h's a zeta probability for / and s, because it can be ob- 
tained in a natural way from the dynamical zeta- functions. From the 
work of W. Parry and M. Pollicott it is known that Vg fJ-f, when 
s ^ 1. We consider for each value c the potential cf and the corre- 
sponding equilibrium state ficf- What happens with i^g when c goes 
to infinity and s goes to one? This question is related to the problem 
of how to approximate the maximizing probability for / by probabil- 
ities on periodic orbits. We study this question and also present here 
the deviation function / and Large Deviation Principle for this limit 
c — 7> oo, s — )• 1. We will make an assumption: for some fixed L we 
have limc_>oo,s->i c(l — s) = L > 0. We do not assume here the max- 
imizing probability for / is unique in order to get the L. D. P. The 
deviation function described here is different from the one obtained 
by A. Baraviera, A. O. Lopes and Ph. Thieullen. 

to appear in Bull, of the Bras. Math. Soc. 
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1 Introduction 

We denote by X = {1, d}^ the Bernoulli space with d symbols. This is a 
compact metric space when one considers the usual metric 

d{x, y) = de{x, y) = 9^, xi = yi, xn-i = yN~i, xn ^ yN, 

with e fixed < < 1. 

The results we will derive here are also true for shifts of finite type, but 
in order to simplify the notation, we will consider here in our proofs just case 
of the full Bernoulli space X. 

We consider the Borel a— algebra over X and denote by A4 the set of 
invariant probabilities for the shift. Fg denotes the set of real Lipschitz 
functions over X. There is no big difference between Holder and Lipschitz 
in this case (see page 16 in [IS]). 

Here we work with a strictly positive function f in Fg. We denote respec- 
tively 



A probability yUoo which /-integral attains the maximum value Mmax{f) 
will be called a /-maximizing probability. We refer the reader to [10] [6] [9] 
[TT] [2] [3] for general properties of such probabilities. 

As usual, given a real continuous function k over X, and x G X, the 
number k^i^x) denotes k{x) + k{a{x)) + k{a'^{x)) + ... + A;(cr"""'^(x)). 

We denote by Fix„ the set of solutions x to the equation cr"(x) = x and 
P(/) is the pressure for /. 

We address the reader to [15] [16] for general properties of Thermody- 
namic Formalism, zeta functions and the procedure of approximating Gibbs 
states by probabilities with support on periodic orbits. 

Following [15] [TB] (see also the last section) we consider probabilities /ic,s 
in Ai such that for any continuous function : X — )■ M 





hf := sup{K ■ y e M„ax(/)}- 




where c > 0, s G (0, 1). 
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The above expression is well defined because P{csf — P{cf)) < 0, and 
appear naturally when we work with the zeta function 



/I 
as,z) = exp[Y,- Yl 



^csr(x)-nP{cf)+zk"{x) 



n 

n=l xGFiXn 

Following W. Parry and M. Pollicott [TB] it is known that when c is fixed 
and s — )■ 1, one gets that fic,s weakly converges to the Gibbs state for cf. We 
prove this here (see Lemma [TB]) . but we will be really interested in analyzing 
fic,s, when s — )• 1 and c — )■ oo. Such limit is the maximizing probability /ioo, 
when this is unique in Mmaxif) (see next theorem). 

In order to simplify the notation k will also represent the characteristic 
function of a general cylinder which will be also called k. 

In the present setting, a Large Deviation Principle should be the identifi- 
cation of a function J : X — t- M, which is non-negative, lower semi-continuous 
and such that, for any cylinder k G X, we have 

1 

lim - log(/ic,s(^)) = - inf /(x). 

c— i>oo,s— >1 C x£k 

We point out that we will need same care in the way we consider the 
limits s — )■ 1 and c — )■ oo. We will assume that in the above limit the values 
c and s are related by some constrains (which are in a certain sense natural). 

A general reference for Large Deviation properties and theorems is [8j. 

We point out that 

P(c/) = c/3(/) + e„ 

where ec decreases to hf when c — t- oo (which was defined above) [7]. 

In Thermodynamic Formalism and Statistical Mechanics c = ^, where T 
is temperature. In this sense, to analyze the limit behavior of Gibbs states 
ficf when c — )■ oo, corresponds to analyze a system under temperature zero 
for the potential / (see also [T2]). 

It is known that there exists certain Lipschitz potentials / such that the 
sequence ficf does not converge to any probability when c — )• oo [S]. We will 
not assume the maximizing probability is unique for the potential / in order 
to get the L. D. P. 

Definition 1. We define the function I{x) in the periodic points x G PER 
by: 

lix) :=n^ f/3(/)-^"^^) 



nx 

where rix is the minimum period of x, and f > is Lipschitz. 
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We need some properties of /. We show in section 2 
Lemma 2. 

inf I(x) = 0. 

xePER 

The next result is not a surprise: 

Theorem 3. Suppose f > is Lipschitz. When c — >■ oo and s — >■ 1, any 
accumulation point of ^c,s is in M^axif)- Moreover, if g : X ^ M. is a 
continuous function Cj — >■ oo and sj — >■ 1 are such that there exist 

hm Hcj,sj{9), 

then this limit is J gd/i for some accumulation point /i of ^c,s in the weak* 
topology. 

In particular, if ii^o is unique, then for any continuous g : X ^M. 

hm / gdncs = / gdjioo- 

The main result of our paper is a Large Deviation Principle for iic,s' 

Theorem 4. Suppose f > is Lipschitz. Then, for any fixed L > (it is 
allowed L — oo), and for all cylinder k <Z X 

\\og{iXc,s{k)) ^ - inf I{x). 

c{l-s)^L C xek,xePer 

The same is true if we have: 

liminf c(l — s) — L > 0. 

We going to extend / (which was defined just for periodic orbits) to I, 
defined on the all set X, which preserve the infimum of / in each cylinder, 
and, which is also lower semi-continuous and non-negative (see sections 4 
and 5). 

Finally, we can get the following result: 

Corollary 5. Suppose f > is Lipschitz. Then, there is a Large Deviation 
Principle with deviation function I: for fixed L > 0, and for any cylinder 
kcX 

lim - log iic,s ( /c) = - inf / (x) , 

c(l-s)^L C xek 



where I is lower semi- continuous and non-negative. 
The same is true if we have: 



c— >-oo, s— ^-l 



liminf c(l — s) = L > 0. 



In [2] it is assumed that the maximizing probabihty /ioo is unique. The 
equihbrium probabihties fief for the real Lipschitz potential cf converge to 
yUoo and it is presented in [2] a L.D.P. for such setting (a different deviation 
function). The deviation function Iblt in that paper is lower semi-continuous 
but can attains the value oo in some periodic points. Under the assumption 
limc_!.oo, c(l — s) = L > 0, we can show that the deviation rates in 
cylinders described here by / are different from the ones in [2] which are 
described by Iblt- This is described in section 5 Proposition 15. Finally, 
Proposition [17] in section 6 shows that if c(l — s) — )■ with a certain speed, 
then fj,c,s have a L.D.P., but the deviation function is Iblt (not J). We 
want to present a sufficient analytic estimate that allows one to find Sc as a 
function of c in such way this happens. 

In the last section we also study the invariant probabilities tTc^at and tJc^n 
given respectively by 



where c> 0, N eN. 

We show that when N ^ oo these probabilities converge weakly to fief 
and when c,N-^oo they satisfies a result analogous to Theorem [3l with 
small modifications on the proof. Also, if N/c — )■ 0, then tTc^n have a L.D.P. 
which the same deviation function / above. 

We point out that it follows from the methods we describe in this paper 
the following property: given /, fx G Fg, such that fx-^f uniformly when 
A — i- oo, suppose there exist the weak* limit 



Cj, Nj, fx — > oo, then u is a. maximizing measure for /. Moreover, if we take 
first — 7- oo and after Cj,Xj — )■ oo, then we get: any weak* accumulation 
point of of ficxfx is a maximizing probability for /. 




and 
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In particular given / one can consider for each m a fm approximation 
which depend just on the first m coordinates as in Proposition 1.3 [TB]. We 
point out that for each fm the eigenvalues, eigenvectors, pressure, etc... can 
be obtained via the classical Perron Theorem for positive matrices [16] jl7] . 

In the same way, if when Cj, Aj — )■ oo, — )■ 1, there exists the limit 

then u is maximizing for /. 

This work is part of the thesis dissertation of the second author in Prog. 
Pos-Grad. Mat. - UFRGS. 



2 Proof of Lemma [2 

We want to show that 



inf I(x) = 0. 

xGPER 



We will need the following lemma ([T] [T3]): 

Lemma 6. Given a Borel measurable set A, a continuous / : X — )■ M, and 
an ergodic probability v, with v{A) > 0, there exists p & A such that for all 
e > 0, there exists an integer N > which satisfies cr'^ (p) G A and 



N-l „ 

J2 f{^\p)) -N fdu 
i=o 



< e. 



The set of such p & A has full measure. 

Now we will present the proof of Lemma [2] 

Proof. Mmaxif) is a compact convex set which contains at least one ergodic 

probability u. 

Then, 



/?(/) = J fdiy and I{x) = ir^(x) - J fdu\. 
It is enough to show that for any e > 0, there exists x G PER such that 

I{x) = \f^^{x)-n,J fdu\<e. 

As / G Fg, there exists a constant C > such that for any x, y G X: 

\f{x)-f{y)\<Cd{x,y). 
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We fix j such that 
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1-9 



< e/2. 



There exists a cyhndcr kj of size j such that vikj) > 0. Using the last 
lemma with A = kj we are able to get a point p e kj and an integer N > 
such that a^{p) G kj and 



N-l 
i=0 



< e/2. 



It follows that p is of the form p = pi...pNpi...pj.... Now if we consider 
the periodic point x given by repeating successively the word 



X ^pi...pN, 



then we get 



N-l 



N-l 



i=0 



1=0 



N-l 

<EI/(^>))-/('^^(^))l 

i=0 

< Cide{p,x) + ... + 

< + + 

< C9'{l + 9 + ...) 
9 



^C9^- 



1-9 



< e/2. 



It follows that 

rix-l 



I{x) 



< 



< 



N-l „ 
N-l N-l 



i=0 



i=0 



N-l „ 

J2ficT\p))-N J fdu 



< e. 



□ 
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3 Proof of Theorem [3 

We begin with an auxiliary lemma: 

Lemma 7. Suppose f > is Lipschitz. Then, 



liminf /i,,,(/) >/?(/). (1) 

c— >oo,s— ^-l 



Proof. We write 

P(c/)=c/3(/) + ee, 

where ec decrease to hf when c — )■ oo [7]. 
Fix e > 0. We define 

A„ = {xeF^x„:^^^</3(/)-e}, 
n 

B^ = {xe Fix^ : > /?(/) - e}. 

n 

It follows that for c >> 0: 



n=l xGA„ 
oo 

EE 



n=l x£An n=l x£An 

oo 

^nc(s— 1)/3(/)— ncse— ne 



e 

n=l xgA„ 



* ^ ncse 



n=l x&A„ 



oo 

ncse+n log(c() 



sE» 



n=l 

g-cse+log(c() 

g— cse+log(d) ' 

and, with a similar reasoning, 

°° £n „— cse+logfd) 

E E e-f-^'-'^L < ^^-33^ (^(/) - .) . 

n=l x&A„ 

By the other side, by lemma [21 there exists a periodic point x such that: 
J(x) = f /?(/) - ^^^'j < 6/2. 
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Therefore, 

oo 

n=l xeSn 

_ ^csf"^ {x)-nxcl3{f)-nxec 

^ ^-csn.,(/3(/)-^^)+c(s-l)n,/3(/)-n:.6c 

_ g-cs7(a;)+c(s-l)nx/3(/)-na,ec j^/j^^ 

> g-cse/2+c(s-l)na:/3(/)-na:ec 

and, with a similar reasoning, 

^csr-nPicf)£_ > g-cse/2+c(s-l)n,/3(/)-n,ee (-^(-yj _ _ 
n=l xeBn ^ 

It follows that 



E°o \^ pCsf^-nP{cf) PL — \ — g-cse+log(<i) g-cse/2+c(s-l)na,/3(/)-na,ec 

n=l Z^x&Bn n 

g-cse+log((i)+cse/2— c(s— l)na,/3(/)+nxec 



]^ _ g-cse+log(ci) 
g-c(se/2+(s-l)n:„/3(/))+log{d)+nxec 



0. 



]^ _ g-cse+log(d) 

Finally, in the same way 

V pCsP-nP{cf) 

Urn ^"=1 « Q 

It follows that 

V pCsS^-nP(cj)ri pCsS^-nP{cj)ri 

liminf ^"=1 ^^e^»^n ^ Hniinf ^^^=1 ^^s^n 

> m - e. 



As we consider a general e > 0, then we get 

V p'^sf^-nP{cf)l 

liminf ^^=1 ^^eF«n » 



□ 
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Now we can show the proof of Theorem O 

Proof. Suppose /i is an accumulation point of fic,s- Then, is a a— invariant 
probabihty and by last lemma 

> /?(/), 

and from this follows that fi G Mmaxif)- 

Now we fix a continuous function g and sequences cj — )■ oo and sj — ?■ 1, 
such that there exists 

lim 

By the diagonal Cantor argument, there exists a subsequence {jj}, such 
that there exists 

H{k) := lim fic,^,s,.{k), 

for any cylinder k. 

We will show that for any h, there exists the limit 

lim f^c,^,s,Sh). 

I— )-oo ' ' 

Given e > 0, as X is compact, there exists functions ki and k2, that 
can be written as linear combinations of characteristic functions of cylinders, 
such that for all x G X 

ki{x) < h{x) < k2{x) < ki{x) + e. 

It follows that 

limsup/ic,.,s, (/i) < lim /ic, ,5. (^2) < hm fx^ s^Xh) +e 
< liminf + e. 

Therefore 



liminf /ic, = limsup /ic,.,^,. (/i)- 

It follows that for any continuous function h there exists the limit 

fi{h) := lim fic,^,s,^{h). 

Therefore, is an accumulation point of the fic,s- Moreover, 
hm ^ic„sj{g) = lim ^ic,„s,X9) = M- 

J—>-OC ^ . - ^ 



□ 



10 



4 Proof of theorem [4 



We will show that: for any fixed L > (it can be that L = oo), and any 
cylinder k 

lim - log(yUc,s(fc)) = - inf I{x). 

c{l-s)^L C x€k,x£PER 

Remark: As we point out in the introduction we have to consider c — t- oo 
and s — )■ 1. The hypothesis c(l — s) — L can be understood as a constraint on 
the speed such that simultaneously c — >■ cx) and s — )• 1: that is, c(l — s) — )■ L. 
The proof presented here also covers the case where we assume 

lim inf c(l — s) = L > 0, 

and, it is not really necessary that c(l — s) — )■ L. 
Now we will present the proof of theorem H] 

Proof. Remember that we denote a cylinder k and the indicator function of 
this set also by k. 

It is enough to show that for any fixed cylinder k 

lim ilogV y e-/"(^)-"^('=/)^ = - inf I{x), 

n=l ydFiXn 

because, by taking /c = X, we will get 

^ oo 

lim -logV V e'="^"-"^("^) = - inf J(x) = 0. 

c(l-s)~^L C ^ ^ xgPER 
n=l y£Fix„ 

First we will show the lower (large deviation) inequality 

hminf-logV y e-r-nP(c/):^ > _ /(a-) 

n=l ydiFiXn 

(for this part it is just enough to assume c ^ oo and s — )• 1). 

Consider a generic point x G k which is part of a periodic orbit {x, a^'^''~^^x}. 

Therefore, 



n=l y£FiXn {x,...,o-("i-i)x} 

> QCsf"^ix)-n^P(cf)j^na:^^-s^ 

y ^csrHx)-n^P(cf) 

^ ^-csl{x)+n^c{s-l)m-n.e, P , Q , (H ) . 
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Prom this follows that 



1 °° Un 

liminf-logV y e'^sr-'^^'^cf)!^ 
c(l-s)^LC ^ ^ n 



c(l-s)- 

n=l yeFixn 

> liminf llog(e-^"-^(^^+"^^('-^^''(-^)-''^'=) 

c(l-s)->L C ^ ^ 

> liminf -sl(x) + nJs - l)/3(f) - ^ 

c(l-s)->L C 

As we take a; as a generic periodic point in k we finally get 

liminf -log V y e'^^^"-"^^"-^)— > - inf I(x). 
c(i-s)->L c n xefe.xePER 

n=l y€Fixn 

Now we will show the upper (large deviation) inequality 



1 °° i-" 
hmsup-logV y e^^^"-"^(^^)- < - inf /(x). 
c(i-.HLC n xek,xeFEK 

We will denote the value mfx£k,x£PERl{x) by /. 

Consider a fixed 5 > 0. As / > and / is continuous, there exists 

a constant |/|_ > such that / > |/|_. As c(l — s) — )■ L > (or just 
considering liminfc(l — s) = L) there exists ip > such that for c big 
enough c(l — s) > 2tp. As ec = P{cf) — c/3{f) decrease to hf, we can also 
suppose that c is such that Ccs < hf + ip\f\-. Therefore, there exists cq such 
that for c > Co 

c(i - s)\f\. +hf>hf+ > w + m- 
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The conclusion is that for such c > Cq: 



n=l y£FiXn n=l y£FiXn 

y- g-cn(/3(/)-i!lM)„e(l-s)n|/|_-nh^;fc%) 

- Z-/ Z^ „ 

n=l y^FiXn 

<- y^ ^-cn(/3(/)-^)((l-3)+^)-c(l-s)n|/|_-nfef 

n=l y£FiXn 

^ y^ g-c/(l-5)-cn(/3(/)-i^)5-c(l-s)n|/|_-nhyfc^^ 

- z^ ^ 

n=l ydFiXn 

<g-c7(l-5)^ ^ g-nc5(/3(/)-i!lM)_„,^^^,_„^|/|_ 
n=l y^FiXn 

<-g-c/(l-5)^ ^ ^-nco<5(/3(/)-i^)-ne,Q,-nV'|/|- 



n=l y£FiXn 
oo 

co'5r(2y)-nP(co5/)-nV'l/l- 



As 

the series 



n=l y£FiXn 



P M/ - P(co(5/) - = -^|/|_ < 0, 



gCo<5r(?/)-nP(co5/)-nVI/l 



E E 

n=l y^FiXn 

converges to a constant T < oo ([16j cap 5). It follows that 
hmsup f-logV y e^^^"-'^^^^^)- 
< limsup ilog (e-^^^^-^^T) 

c{l-s)-fL C 

= -1(1-6). 

Now taking 5 — )• 0, we get the upper bound inequality. 



□ 
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5 The function / and its extension / 

For a periodic point x we denote Ux its minimum period. 

Remember that for x G PER the function I[x) is given by 



We will show that / can be extended in a finite way to a function / defined 
the all Bernoulli space X. This / is non-negative, lower semi-continuous and 
such that the infimum of / and I are the same in each cylinder set. This 
function I will be a deviation function for the family ^c,s and will be different 
from the deviation function described in [2] (which did not consider zeta 
measures) . 

By definition J:X— T-RUjoojis lower semi-continuous if for any x G X 
and sequence Xm ^ x we have 



Definition 8. We define / : X ^ M U {oo} by 

I{x) = lim (inf {/(?/) : d{y,x) < e}) . 

e—^O 

As / > 0, and 

ei < 62 ^ inf{/(y) : d{y,x) < > inf {/(?/) : d{y,x) < €2}, 
we have that / is well defined. 

Lemma 9. Suppose x G PER and I{x) 7^ 0. Then 



As a consequence we have: 

I{x) = I{x), X G PER. 
Proof. Suppose x G PER and I{x) 7^ 0. Let 

Yj := {y G PER : y x and d{x, y) < 6^}. 
We only need to show that 




liminf J(xm) > I{x). 



lim (in: 



< d{y,x) < e}) = +00. 



lim inf I{y) = +00. 
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Let 

Yf := {y e Yj : Uy < j} and Y+ := {y e Yj : Uy > j}. 
We are going to show that 

hm inf I{y) = hm inf I{y) = oo. 

Suppose first that y e Y^~ . By hypothesis f G Fq, then there exists C > 
such that 

n(y) = f(y) + fHy)) + f(a'(y)) + ... + f(a^--\y)) 

< (fix) + Ce^) + {f{<T{x)) + C9^-^) + ... + {f{a''y-\x)) + Ce^-"^+^) 

<n{x) + c^^. 

We write Uy — a{y)nx + b{y), < h{y) < rix. Then 

I{y) = UyPif) - niy) > nyPif) - n{x) - 
= {a{y)n, + b{ymf) - - 
= a(z/)K^(/) - rix)) + biy)Pif) - f^y\x) - Cj^ 

Q 

> a{y)I{x) - n^\f\oo - 
^a{y)I{x)-C,, 

where Ci not change with y and j. Then 

hm inf I{y) > lim inf a{y)I{x) — Ci — oo, 

because 

hm inf{ny : y e Y~} — oo. 

Now suppose that y e Y^ . Then Uy — j + i, i > 0, and we write 

y ■= yi...yjyj+i...yj+i, 

and define 

^ yj+i---yj+i- 
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Then, 

< {f{z) + ce^) + {f{a{z)) + ce^-') + ... + {f{<j^-\z)) + ce) 

and, also 

r(y) = f(y) + f{<y{y)) + f{<y\y)) + - + f{<y'-\y)) 

< {fix) + Ce^) + {f{a{x)) + Ce^-') + ... + {f{a^-\x)) + CO) 

So 

= P{y) + fi^'iy)) < fix) + r{z) + 2C^. 

We write j — a{j)nx + b{j), < b{j) < Ux- Then 

iiy)^ij + i)m-f^\y) 

>{j+tmf)-r{x)-r{z)-2Cj^ 

> W) - f(z)+jM - fix) - 2C-^ 

> liz) + (a(j>, + bij))Pif) - /«0K+''0)(^) _ 2Cj^ 

> aij)nx(5if) + 6(j)/3(/) - a(j)r^(a;) - f^^\x) - 2Cj^ 

>aij)Iix)-nx\f\oo-2C^ 
= aij)Iix)-C^, 

where Ci not change with y and j. Then, finally 

lim inf /(y) > lim a(t)/(x) — Ci = oo. 

□ 

Corollary 10. Given x G PER, then there is a cylinder k such that x & k 
and miy^PernkHy) = H^)- 
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Proof. If I{x) = there is nothing to prove. 

If I{x) 7^ 0, then we can use the lemma. □ 

Corollary 11. Let x G PER. Then, the following are equivalent: 
i) I{x) = 

li) given by fi^{g) = is in Mmaxif) 

Hi) X G SUpp{fioo), for some floo e Mmaxif)- 

Proof. It is easy that i) ^ ii), and ii) — )■ iii). We are going to prove that: 
not true i) — > not true iii). 

Suppose I{x) 7^ 0. By the corollary above there is a cylinder k, such that 
X E k and infytzpernk I{y) = ^ 0. We are going to prove that if /ioo G 
Mmax, then ^oo{k) = (this show that x ^ supp{fioo)) ■ We remark that we 
can suppose /loo G Mmax is ergodic. 

To prove that yUoo(^) = 0, we have to prove that if fioo{k) ^ 0, then 

inf /(y) = l{x) = 0. 

But, this is false. 

We remark that if Hoo{k) ^ 0, then the same ideas in proof of lemma [2], 
that is 'm.ix(^pERl{x) = 0, can be used to prove that inf y^p^rnk Hv) = H^) = 
0. 

□ 

Corollary 12. Let f E Fg. Suppose there is a unique ii^o in Mmaxif)- Then 
/Xoo hds support in a periodic orbit, or there are no periodic points in the 
support of fioo ■ 

Proof. If there is a x G PER such that x G supp^fioo), then ( iii) — )■ ii) ) 

fir, G Mmaxif), so /ioo = f^x- □ 

Lemma 13. The function / : X — t- R U {oo} is non-negative, lower semi- 
continuous and for all cylinder k 

inf / = inf I. 

knx knPER 

Proof. It is trivial that / > 0. Suppose x and {xm} in X are such that 
Xm — ^ X. If I{x) = there is nothing to prove. Suppose I{x) > 0. Take 
6 > such that I{x) > 6. By definition of I{x), there exists e > such that 
for all y G PER with d{x, y) < e, we have that I{y) > 6. If m is large enough 
d{xm,x) < e/2. It follows that for large m 

inf{/(y) : d{y,Xm) < e/2} > inf {I{y) : d{y,x) < e} > 6. 
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Therefore, I{xm) > and finally 



liminf lixm) > 5. 



As we take any 5 < I{x), we have that 

liminf /(xm) > -^(a^), 

and this shows that / is lower semi-continuous. Now, for a fixed cylinder k, 
we will show that: 

inf / = inf /. 

knx fcnPER 

We know that for any y E k (1 PER 

i{y) = i{y), 

then 

inf I < inf / = inf /. 

knx knPER knPER 



We have to show that 



inf / > inf I. 

knx knPER 



Consider Xm a sequence of elements in k n X such that I{xm) inffcnx I- 
Denote by x G A; fl X an accumulation point of {xm}- Then, as / is lower 
semi-continuous 

I{x) < liminf J(xm), 



that is, 



I(x) = inf /. 

knx 



From the definition /(x), there exists {ym} in fcflPER such that x 
e Hym) — >■ I{x). It follows that 

inf I = I(x) > inf /. 
knx fcnPER 

□ 

From this lemma and theorem [Hit follows that 

Corollary 14. The probabilities Hc,s satisfies a Large Deviation Principle 
with deviation function I: for fixed L > 0, and for any cylinder k G X 

lim - log fic,s{k) = - inf 7(x), 

c(l-s)-i-L C xgfc 
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where I is lower semi- continuous and non-negative. The same is true if we 
have: 

liminf c(l — s) = L > 0. 

c— >oo, s— >1 

The equilibrium measures /ic/ for cf converge to /Xoo (when /Xoo G Mmaxif) 
is unique). According to [2] they satisfy a L. D. P. with deviation function 

^BLT'- 

That is, when fioo ^ Mmaxif) is unique, for any cyhnder k C X = {0,1}^ 
hm - log(/ic f{k)) = - inf Iblt{x). 

The deviation function Iblt is non-negative, lower semi-continuous but 
is finite only in the pre-images of points in the support of the maximizing 
probability. 

We will show that: 

Proposition 15. Suppose /ioo is the unique maximizing probability for f as 
above. Then, there exists a cylinder k such that 

inf I ^ inf Iblt- 

Proof. We fix a periodic point x such that Iblt{x) = oo, and for each m we 
consider the cylinder km = [xi...Xm]- We know that 

I{x) = I{x) < oo and Iblt{x) = oo. 

As, for each m 

inf J < 7(x), 
kmnx 

we just have to show that: 

Claim: there exists m such that inffc^nx Iblt > I{x). 

The proof will be by contradiction. Suppose that for any m, we have that 
inffc^nx Iblt < I{x). Then, for each m denote Xm € {km flX) a point which 
realizes inf^^nx Iblt- Therefore, we get a sequence Xm — ^ such that 

\im.'m.ilBLT{xm) < I{x) < Iblt{x), 
and this is in contradiction with the fact that Iblt is lower semi-continuous 

H- □ 
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6 the case c(l — s) — > 



In the previous sections, under the condition c(l — s) — > L > 0, we get a L. 
D. P. with deviation function / 7^ Iblt- 

This raises the question: what happens if c(l — s) — )■ 0? We will show 
here that the final conclusion is quite different in this case. We have that: 

Lemma 16. For each continuous function A; : X — )• M 

where fief is the invariant equilibrium state for of 

From this lemma, it is not surprise that: 

Proposition 17. Suppose that /loo G M^axif) is unique and X = {0,1}^. 
// c(l — s) —7- fast enough, then for all cylinder k 

lim - log{fic,s{k)) = lim - log{fic f{k)) = - inf Iblt{x), 

c(l-s)^0 C c^oo C xek 

where fief is the invariant equilibrium state for of . 

We will need some results presented in [16]. 

Lemma 18. Consider qq a real Lipschitz potential in Fq. 

a) If P [go) < 0, then, for g close by go (in the Lipschitz norm) 



00 ^ 

71= 1 Fix„ 



ef "(") \<oo. 



b) If Pi^go) = then, for g close by go (in the Lipschitz norm) 



00 

E- 

^ n 

n=l 



E 

X^FiXn 



< 00. 



Proof. For a) see page 80, Theo. 5.4 [TB] and for b) see page 81 Theo. 5.5 
(ii) [16]. Note that for a real g we have the spectral radius p{Lg) = e^^^\ □ 

Note that for s G (0, 1) we have P{csf — P{cf)) < 0, therefore, for any 
k & Fq fixed 

00 

^csf^+zk'^-P{cf)n 



n 

n=l Fixri 
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is analytic for s e (0, 1) and \z\ small (in a small neighborhood that depends 
of s and c). When convenient z will be real. 
Prom this the function 



\n=l Fixn 



^csf"+zk"-P(cf)n 



is not zero at 2; = 0, and is analytic for s G (0, 1) and \z\ small (in this small 
neighborhood that depends on s and c). Therefore: 

Proposition 19. If we denote the partial derivative of C, in the variable z by 
(2, then 



C^js, 0) ^ ^ ^ ^csf^-nP(cf) ^ 
n=l x&Fixn ^ 



C(^,o) 

is analytic for s e (0, 1). 
Moreover: 



Proposition 20. For each real value c: 
i) the function 



a{s,z) =exp 



vn=l 



\FiXn 



,csr+zk'^-P(cf)n 



,nP{csf+zk-P{cf)) 



is analytic for s G (0, 1] and z in a small neighborhood that depends on s and 
c. 

a) For s e (0, 1) and z in a small neighborhood that depends on s and c 
a(s, z) = C(s, z){l - e^(--/+-'=-P('=/))). 

Proof. For ii) we just have to use 

00 ^ 

J]-z" = -log(l-z),|^| <1 



n=l 



Therefore, for s G (0, 1) we have P{csf + zk — P{cf)) < 0, for z in a small 
neighborhood that depends on s and c. In particular, e.^{csf+zk-p{cf)) ^ ^ 
and we can write 



00 ^ 

log(l - e.^i.<^^^+^k-ncf))^ ^ _ ^ ignP(c5/+zfe 



-P{cf)) 
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It follows that: 



a[s, z) = exp 



exp 



oo ^ 

E- 

^ n 

n=l 
oo ^ 



^csf"+zk"-P{cf)n \ _ nP{csf+zk-P(cf)) 



FIX„ 

csf"+zk"-P(cf)n 



n 

vn=l Fixn 



exp 



n=l 



^nP(csf+zk~^P{cf)) 



Now we prove i). 

When s G (0,1), we just have to use ii) and the fact that P is analytic. 
When s = 1 we have to use the previous lemma (b) and the fact that exp is 
analytic. □ 

As 0) 7^ 0, we can calculate . Then we get: 



Lemma 21. The function "^I^^q^ is analytic for s G (0, 1] and z in a small 
neighborhood that depends on s and c. 
For s G (0, 1) 



"2(5,0) (2(5,0) e 



P(csf)-P{cf) 



kdncsf- 



a{s,0) C{s,0) 1 - e^(-/)-^(-/) 

/ kdncsf (see [H] page 60). 



2=0 



Proof. We remark that ^^(^^J+^^) 
For s G (0, 1) we have 

a{s, z) = C(s, z){l - e^(-/+-'=-^'(-/))) 



then 

«2(g,0) 

a{s, 0) 



C2(s,0)(l - e^(^^^)-^(^^)) - C(s,0)e^('=^^)-^('=^) dP{csf+zk) 



2=0 



C(s,0)(l -e-P('=«/)-P('=/)) 
C2(g,0) _ eP'^^'f^-P^'f^ dPjcsf + zk) 
C(s,0) 1 - e^(-/)-^(-/) 

(2(5,0) e^(-^)-^(^^) 



C(s, 0) 1 - e-P(-/)-^(-/) 



(9z 
kdjj^csf. 



2=0 



□ 
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Now we will show the proof of Lemma [TBI 
Proof. Fix a cylinder k. We know that 

EV^ ^csf"-nP{cf)^ ^ (2(3, 0) 

-, 4^ « C(S,0) 

n=l xGFiXn ^ ^ ' ^ 



This means 



1 _ pi'(cs/)-P(c/) ~ I _ pP{csf)-P{cf) ( n\ r 

ePicsf)-P{cf) 2^ 2^ n ^Picsf)-Picf) ^( 0) J 

n=l x6Fix„ V ' / 

We can also consider the same reasoning for k = 1. Now, taking the quotient 
we get 

l-encsf)-P(cf) a2(s,0) r, , 
/, X _ e^(^^/)-^(^/) a(.,0) + J ^^^^^/ .^x 
f^'^A'^J i_ef('^«/)-f(c/) /32(s,0) . ' 

eP(csf)-P(cf) ^(5^0) + 

where /3 represents the function a when k = 1. 

It is known that for fixed c, the value J kd^^sf depends in a continuous 
way on s (it's the derivative in z = of P{cs f + z k). Then when we take 
s — 7- 1 on ([S]) we have 

lim/Xc,s(/c) = 

s— >1 

Now, when : X — )■ R is continuous, we approximate by functions that can 
be written as linear combinations of characteristic functions of cylinders and 
repeat the argument on proof of Theorem [31 So 

is a measure and have the same value that ficf on cylinders. Then 

lim /ic,s(^) = Mig)- 

□ 

Now we will show the proof of Proposition [T71 

Proof. We just have to investigate cylinders k such that fioo{k) = 0. Consider 
a enumeration ki, ^2, ••• of all cylinders such that fioo{k) = 0. We begin with 
a fixed fcj with this property and denote this by k. 
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For fixed c, the value / kd^csf depends in a continuous way on s. In 
particular, as /ics/ are Gibbs states and therefore positive in open sets, then 
/ kdficsf > for each s. It follows that 



Ac = inf / kducs f > 0. 

«6[1/2,1] J 

As for each fixed c, (with the notation of the proof above) 

/3(s,0) a(s,0) 
are analytic on s = 1, and, as for each fixed c 

^P(csf)-P{cf) ^ ^' 

then, we can find for each c, a value (remark that i is the index of the 
cylinder k = ki fixed) such that c(l — sj.) — )■ 0, and if < s < 1: 

« - 1/2 < / < 1/2; 

M _ J < -AJ2 < < AJ2 < ^ 

It follows from ([5]) above that for each c and < s < 1: 

+ J M^^csf ^ ^^^^^^ ^ ^ + I kd^^c.f 



3/2 - ' - 1/2 
This means 

l^^^ < < 3 J kdficsf. 

The conclusion is 

1 1 

lim - log(/ic,s(A;)) = lim — \og{fic,s{k)) 

(c->-oo,sJ,<s<l) C {c^-oo,s|<s<l) SC 

= lim — log(/ics/(A;)) 

{c^-oo,s»<s<l) SC 

= - inf Iblt{x). 
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We remember that in this argument k is fixed. For each ki we have a asso- 
ciation c — > described above. Consider now the association c — > Sc, where 
for each integer n > 0: 

ce[n,n + l) ^ sitpi6{i,...,„}4 < 1- 
Then for each cyhnder fcj we have that c> i ^ s^, < Sc, so has above 

hm -log{fj.c,s{k)) ^ hm -log{nc,s{^)) ^ - ^blt{x). 

c-s-oo,Sc<s<l C c->oo,4<s<l C xek 

□ 



7 About the measures tTc^n and ?7c,Ar 

There are other ways to approximate /ic/ and fioo- we can use, for example, 
the measures tTc,n and r)c,N, c G M and iV e N, given by 

V r(x)-nP(c f) k^jx) 

and 



N ^ „rf"(.r)A-"f,T) 



^c,iv(A;) 



V pc/"(a;) 

We will prove: 
Lemma 22. For fixed c and continuous : X ^ M; 

lim 7rc,jv(^) = lim 77c,jv(^) = /^c/(^), 

N^oo AT— ^oo 

where ji^f is the Gihhs state for cf . 

After that we will analyze what happens when c — >■ oo, simultaneously, 
with iV — )■ oo. We prove that: 

Theorem 23. When c,N^oo any accumulation point of -k^n (orrjc^N) is 
in Mmaxif)- Moreover, if g : X ^ M. is a continuous function, cj oo and 
Nj — )■ oo, are such that there exist 

lim 7rcj,Nj{g), 

then, this limit is J gd/i for some accumulation point fi of tTc,n in the weak* 
topology, (the same happens for ric,N ) ■ 
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In particular, if fioo is unique in Mmaxif), then for any continuous g : X ^ 
lim TTcNig) = lim ?7c,Ar(5') = / gd/J^^o- 

c,N^oo c,N—^oo J 

We also study this result for tTc^at in order to get a L.D.P.. 
Theorem 24. Suppose f is Lipschitz. Then for all cylinder k G X 



lim - log(7rc,Ar(A;)) = — inf I{x) = — inf I{x). 

iL^Q C ' xS:k,xS:Per x£k 



We point out that we take c, — > oo. 

We start with the proof of Lemma 

Proof. By Lemma [2T] the function 



«2(g,0) 
a{s, 0) 



n=l 



P{csf)-nP{cf) 



\Fix„ 



I 



kdncsf 



is analytic on s = 1. 
Then: 



-oo < 



02(1,0) 



1,0) ^ 



a(l,0) 



n=l 



^cr-nP{cf)^ 

\FiXn 



kdfi 



cf 



< oo. 



So 



Then, 



and 



\Fix„ 



cf"-nP{cf)k^ 



^ pcf^-nP(cf) 
Z^FiXn n 



— ^ / kd[i, 



E 



Now we use the following well known result: 



(6) 
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"Let a„ and 6„ sequences of real numbers > 0. Suppose that — )■ L, and 
there is e > such that a„ > e and bn > e, n >> . 

Then T goes to L when ^ oo." 

We have then (using (E]) in order to get the > e property) that for A; > 
(or, cyhnder sets): 

hm TTcNik) = hm — ^^^^^^ 2_ = / kducf, 

and 

hm rjcNik) = hm — — = / kdunf- 

When (yf : X — )■ M is continuous, we use aproximation arguments. □ 

Now we prove the Theorem I23t 

Proof. We start with 7Cc,n- Using the same arguments that we used in The- 
orem [3] we only need prove that 

liminf7r,,^(/) >/?(/). 

We will use the same notations and ideas that Lemma U\ so for fixed e > 
we only need prove that: 

V f,cf"-nP{cf) 
Z^n=l Z^xGAn ^ c,N^oo Q 



Now: 



N N 
^ ^ gC/"-nP(c/) < ^ ^ 

n=l x£Ar 
N 

EE 

n=l 

N 

E 



^cn{p{f)~e)-ncl3{f)-ne. 



n=l xeA„ n=l xeA„ 

N 

' ~ -nce—nec 



e 

n=l x&An 
N 

<; \ ■ p-nc<i+n\og{d) 
n=l 

-ce+log(d) 

< — 

~ \ — g-ce+log(d) 
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On the other hand, by lemma El there exists a periodic point x such that: 
I{x) = (m - ^-^^ < e/2. 



Therefore, 



N 

^ g— ce/2-na;ec 



It follows that 



V pCr~nP{cf) ce+log{d) i 

Z^n = l Z^XgAn ^ ^ g 

\pAf pcf^-nP(cf) ~ \ _ g-ce+log(Q!) 



Now we consider rfc^N'- 
In the same way as above, using the same notations and ideas of Lemma [7J 
we only need prove that for e > fixed: 

n=l Z^xeBn ^ 

We have 

N N 



gCn(/3(/)-e) 



n=l x£A„ n=l x£A„ 

N 

< ^gCn(/3(/)-e)+nlog(d) 



n=l 

e 



pCN{P{f)-e)+Nlog{d) _ 1 
c(/3(/)-.)+log(d)e i 



gc(/3(/)-e)+log(d) _ 1 • 

By the other side, there exists a periodic point x such that: 

^ > /?(/) - e/2. 
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Therefore, 



E E ^ E ^''^"^"^ 

n=l xeSn j=l 

[N/n^] 

> gCin.(/3(/)-e/2) 



> e 



cnx(/3(/)-e/2) £ £ 



gCn4/3(/)-e/2) _ ]^ " 

It follows that 

^ oc/" ^c(/3(n-e)+log(d) e'^^(/^(/)-^)+^'°g('')-l 



^cN{^{f)-e)+Nlog{d) _ I gC(/3(/)-e)+log(d) gCn.(/3(/)-6/2) _ ;^ 
~ gc[Ar/nx]n,,(/3(/)-e/2) _ I gc(/3(/)-e)+log(<i) _ 1 gcn4/3(/)-e/2) ' 

Now, we have: 

gCn.,(/3(/)-6/2) _ ;^ gc(/3(/)-6)+log(d) 

hm rjTTT — — = 1 and lim — , = 1. 

By the other side, 

^cN{l3{f)-e)+N logid) _ I _ gC[iV/n.]n,(/3(/)-e/2) _ ;^ 

cteoo gciV(^(/)-6) = 1 ,^Jj!^^ gciV(/3(/)-6/2) = 1- 

Then 

gCAf(/3(/)-e)+iVlog(d) _ ;l gCJV(/3(/)-e) 
c,}/^oo e4^/n.]'*=c(/3(/)-e/2) _ ^ = ^^Jj^^ gciV(/3(/)-e/2) = 

So we have 



Now, given g, Cj — )> oo and Nj — )> oo, such that exist linij^oo tTc , at ((yf), we 
repeat the proof for /Xc,s and obtain an accumulation point tToo such that 

lim Tlcj,Nj{g) = T^oo{g)- 

J->-0O 

The same is true for r]c,N- 

□ 
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Now we prove the Theorem 

Proof. We just repeat the ideas used in the proof of Theorem |H We only 
need to prove that 



lim -log y y e'^r-nPicf)^ = _ /(^) 

JV/c^-O C \ V ' '^'^^ -r-CPor 

\n=l x&FiXn 

First we will show the lower inequality: 



hminf-logf y y e^^"-"^(^^)— 1 > 

\n=l xGFiXn / 



inf I{x). 

xGk, xgPer 



Consider a generic point x E k which is part of a periodic orbit {x, o"""" ^x}. 
For >> 1 we use that: 

y y e'^^"""^^'^-^)— > y ^cr^-n^Picn'^ 

n=l x&FiXn {z,...,cr("a^-l)x} ^ 

> ^cr'Hx)-n^Picf) 
_ ^-cl{x)-nxtc 

From this follows that 

hminf-logfy y e^^"-'^^('=^)— 1 > -Aa;). 



Now we will show the upper inequality 

hmsup-logfy y e^^"-"^(^^)— 1 < - inf I{x). 
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We will denote the value mixek,xePERl{^) by I- Then: 

e''/"-nP(c/)^ < "S^ g-cn (/?(/)- Vj-n6c^ 

n=l x&Fixn n=l x&Fixn 

n=l x&Fixn 

N 

<^ ^ ^ g-ci"-n6e+nlog(d) 
n=l 

g-Ar€c+Ariog((i) _ ]^ 



— g-cJg-ec+log(d) 



g-ec+log((i) _ ]^ 



It follows that 



hmsupllogff E e^r-nn^^^^l\^_j_Z^ll,±lM& 



□ 
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